Abstract. Let M be a complete non-compact Riemannian manifold, or more generally a metric measure space endowed with a heat kernel, satisfying the volume doubling property. In this survey, the connection between various kinds of upper and lower heat kernel estimates will be examined. We will explain the connections between heat kernel estimates and Sobolev inequalities, some sufficient conditions in terms of heat kernel gradient estimates for L p -boundedness of the Riesz transform, and finally, in the polynomial growth setting, the connection between boundedness of Riesz transform and a new version of Sobolev type inequalities. Assume the volume doubling property: there exists C > 0 such that, for all x ∈ M and r > 0,
Part of the contents of these lecture notes is now classical. The more recent stuff is mainly taken from [CS1] , [CS2] and [BCS] .
1. The setting 1.1. Weighted manifolds. Let (M, g) be a complete connected non-compact Riemannian manifold endowed with a measure µ which has a smooth positive density with respect to the Riemannian measure. A triple (M, g, µ) is called a weighted Riemannian manifold.
For x ∈ M and r > 0, let B(x, r) be the open ball of center x and radius r. Denote by V (x, r) := µ (B(x, r) ) the volume of B(x, r) .
Assume the volume doubling property: there exists C > 0 such that, for all x ∈ M and r > 0, (D) V (x, 2r) ≤ CV (x, r).
A simple consequence of (D) is that there exists ν > 0 such that
, ∀x ∈ M, r ≥ s > 0.
It follows easily that, for any x, y ∈ M and r > 0, we have V (x, r) ≤ C 1 + d(x, y) r ν V (y, r).
Thanks are due to my PhD student Chen Li who prepared a first version of the present lecture notes.
A less well-known but very useful property is that there exists ν > 0 such that the lower estimate holds:
V (x, r) V (x, s) ≥ C r s ν , ∀x ∈ M, r ≥ s > 0.
A particular case of the volume doubling property is when the volume has polynomial growth, i.e. there exists D > 0 such that V (x, r) r D . A basic example is of course the Euclidean space R D , but one may also think of the connected sum of R D with itself: take two copies of R D \ B(0, 1) endowed with the Euclidean metric, and glue them smoothly along the unit circles.
In many cases, polynomial growth is too much to ask. Rather, the behaviour of the volume of balls may be governed by two different exponents for small and large radii:
Here are a few examples of such volume growth:
(1) the Heisenberg group, endowed with a left invariant Riemannian metric (see [DER] ). (2) Co-compact covering manifolds with a nilpotent deck transformation group (see for instance [Sa1] ). (3) Fractal-like manifolds, for instance the Vicsek manifold (see [BCG] ).
On the one hand, if one thinks of general manifolds, one sees that the doubling condition is much more natural than the polynomial growth assumption, even with two exponents, which is quite restrictive. On the other hand, it is often more difficult to deal with the general case. A striking example is the contrast in difficulty between the characterizations of the natural heat kernel upper bounds in both situations (see Section 4 below).
The Laplace-Beltrami operator ∆ µ on (M, g, µ) is defined by
A non-trivial theorem says that, since M is complete, one can extend ∆ µ to a self-adjoint operator on L 2 (M, dµ) (see [D] , [G2] ). In the sequel, we denote ∆ µ by ∆. Since ∆ is obviously non-negative, spectral theory yields the heat semigroup e −t∆ as a family of linear contractions of L 2 (M, µ). One proves that e −t∆ is an integral operator with kernel p t (x, y), that is,
for a.e. x in M . Basic properties of the heat kernel include (see [G2] ):
is said to be stochastic complete. The submarkovian property is related to the bilinear form E(f, g) = (∆f, g) being a Dirichlet form. This is the Beurling-Deny theory. For a very nice account, see [O] .
One can keep all the important features of the Riemannian case in a much more general setting.
1.2. Metric measure spaces. Let M be a connected locally compact separable space and let µ be a positive Radon measure on M . E is a regular and strongly
. E admits an "energy measure" Γ:
On Riemannian manifolds, dΓ(f, f ) = |∇f | 2 dµ with µ the Riemannian measure.
For any x, y ∈ M , define
Assume that d is actually a true metric that generates the original topology on M and
is a metric measure space. Let A be the self-adjoint operator uniquely associated with the Dirichlet space
The generated semigroup is (e −tA ) t>0 . Assume that (e −tA ) t>0 has a nonnegative measurable transition function p t (x, y) (the heat kernel) such that
For more details, we refer to [St1] , [St2] , [St3] , [HS] , [GS] .
Heat kernel estimates from above and below
We consider the following heat kernel estimates: the on-diagonal upper estimate
In fact, a Cauchy-Schwarz argument shows that (DUE) is equivalent to
The latter form is more adapted to situations where p t is only assumed to be measurable, such as the metric measure space setting presented in Section 1.2. The full Gaussian upper estimate
The on-diagonal lower estimate
The full Gaussian lower estimate
(UE) plus (LE) is the Li-Yau type estimate, i.e., ∀x, y ∈ M, t > 0,
Ct .
The gradient upper estimate
Riemannian manifolds with non-negative Ricci curvature are typical examples satisfying (LY ) and (G) (see [LY] ).
Other forms of heat kernel estimates are interesting: the fractal-like manifolds satisfy the following sub-Gaussian estimates when t is large, and also larger than d(x, y)
, for some m > 2 (see [BCG] , [HS] ). We will not pursue this matter here.
Definition 2.1. We say that a weighted manifold (M, g, µ) satisfies the relative Faber-Krahn inequality if
for some c, ν > 0, all x ∈ M, r > 0 and Ω ⊂ B(x, r). Here λ 1 (Ω) is the first eigenvalue of the Laplace operator on Ω with Dirichlet boundary conditions:
Definition 2.2. We say that (M, g, µ) satisfies the Poincaré inequality if there exists C > 0 such that for any ball B(x, r) ⊂ M and every f with f, ∇f locally integrable,
Definition 2.3. We say that the Davies-Gaffney estimate holds if for any function f 1 supported in E and f 2 supported in F , one has
Remark 2.4. One can prove that • The Davies-Gaffney estimate is valid for Laplace-Beltrami operators on general complete Riemannian manifolds.
• The Davies-Gaffney estimate is equivalent to the finite speed propagation of the associated wave equation. For this, see [Si] and [CS1] .
Theorem 2.5. Let (M, g, µ) be a connected complete non-compact manifold, then
Remark 2.6. About the above theorem and the relationship between upper and lower heat kernel estimates:
(1) The characterization of (U E) in terms of (F K) is due to Grigory'an, see for instance [G2] . (2) Several methods are known to obtain the full Gaussian bound (UE) from the on-diagonal bound (DUE) under the doubling condition: Davies's perturbation method (see [D] ), the integrated maximum principle (see [G2] ) and the finite propagation speed for the wave equation (see [Si] ).
More recently, Coulhon and Sikora ([CS1] ) obtained the same result by using a simple complex analysis lemma.
• The integrated maximum principle ( [G2] ) says that, for any x ∈ M , the weighted integral of the heat kernel:
is non-increasing in t.
• The proof of Coulhon and Sikora: consider the polynomial case (for the doubling case, see Section 4.2 in [CS1] ). In fact, (DUE) is equivalent to e −t∆
In order to obtain (UE), the idea is to interpolate this estimate with the Davies-Gaffney estimate, and to use complex analysis via a Phragmén-Lindelöf type lemma. (3) We can also derive the on-diagonal lower estimate (DLE) from the upper estimates (UE), which is due to the stochastic completeness of the manifold. (4) One can not deduce (LE) from (DLE). A counterexample is the abovementioned connected sum of two copies of R D , see [BCF] . (5) The lower estimate implies the upper one as well as doubling:
The fact that (D) + (LE) =⇒ (D) + (U E)
is due to Grigory'an, Hu and Lau ( [GHL] ) in the polynomial growth case, and to my student Salahaddine Boutayeb ([B] ) in the general doubling case. For the fact that (LE) =⇒ (D), see [GHL] .
Theorem 2.7 ( [Sa] ). Let (M, g, µ) be a connected complete non-compact manifold. Then
Theorem 2.8 ([CS2]). Assume (D), then (G) implies (DUE) and thus (LY ).
Finally, among the manifolds with (D) one has three distinguished subclasses, in strictly decreasing order: the ones with (UE) (or (DUE), or (F K)), and therefore (DLE), the ones with (LE) (or (P ), or (LY ) ), the ones with (G) (and (LY )). It would be interesting to have a somewhat concrete characterization of (G). We treat this topic in the polynomial growth case in Theorem 4.3 below.
Riesz transform and heat kernel estimates
In this section, we mainly focus on non-compact Riemannian manifolds. Let (M, g, µ) be a weighted Riemannian manifold as before. For all f ∈ C ∞ 0 (M ), one has by definition of the Laplace-Beltrami operator
We can define the Riesz transform operator ∇∆ −1/2 . The L p boundedness of the Riesz transform is equivalent to the existence of C > 0 such that
It is also interesting to consider the reverse inequality:
If both (R p ) and (RR p ) hold, one has the equivalence:
In this case, one can identify the first order homogeneous Sobolev spaces endowed with seminorms | ∇· | and ∆ −1/2 · respectively. The question of the validity of (E p ) on non-compact Riemannian manifolds has been asked by Strichartz in 1983 ([Str] ).
Remark 3.1. Relationship between (R p ) and (RR p ):
(1) (R p ) implies (RR p ); see, for example, [CD2] for a proof.
(2) The converse is false, but the conjunction of (RR p ) and (Π p ) implies (R p ) (see [AC] ). Here (Π p ) says that the Hodge projector of 1-forms onto exact forms is L p bounded, i.e., for all ω ∈ C
be a complete non-compact Riemannian manifold. Assume that (D) and (DU E) hold. Then the Riesz transform T = ∇∆ −1/2 is weak (1, 1) and bounded on
Proof. The L p boundedness for 1 < p < 2 follows by interpolation from the weak (1, 1) and L 2 boundedness. Write
Denote the kernel of the Riesz transform by K(x, y); then
An integral estimate (as opposed to the much stronger pointwise estimate (G)) of the derivative of heat kernel follows from the weighted integral estimate. Then use the singular integral methods developed by Duong-McIntosh [DM] .
Remark 3.3. Under the same assumptions, one can not get the L p boundedness of the Riesz transform for p > 2. The counterexample given by is again the connected sum M D of two copies of R D . Indeed, such a manifold satisfies
as well as, for p > D,
holds, we can deduce (LE), which, as we already said, is known to be wrong on M D (see [BCF] ). One can take D = 2.
Theorem 3.4 ( [ACDH] ). Let (M, g, µ) be a complete non-compact Riemannian manifold satisfying (D) and (DUE). If (G) holds, then the Riesz transform is bounded on L p and (E p ) holds for 1 < p < ∞.
Theorem 3.5 ( [ACDH] ). Let (M, g, µ) be a complete non-compact Riemannian manifold satisfying (LY ) . Let p 0 > 2. The following assertions are equivalent:
(1) (R p ) holds for 2 < p < p 0 .
(2) For all 2 < p < p 0 , there exists C p such that for all t > 0,
(3) For all 2 < p < p 0 , for all y ∈ M and t > 0,
Note that (RR p ) for 1 < p < 2 implies a tight relationship between the isoperimetric dimension and the heat kernel dimension (for a definition, see [C] ). For example, the isoperimetric dimension of the Vicsek manifold equals 1, while its heat kernel dimension is 2D D+1 > 1 where D is the growth exponent of the volume of large balls. As a consequence, one can show that (RR p ) does not hold on Vicsek manifolds.
Proposition 3.6 ( [CD2] ). For every p 0 ∈ (1, 2), there exists a complete noncompact Riemannian manifold with bounded geometry and polynomial volume growth such that (RR p ) is false for every p ∈ (1, p 0 ).
Proof. Let M be a Vicsek manifold, which is such that for some D > 1 (arbitrarily large),
Theorem 4.1. (see for instance [C] ) The following conditions are equivalent:
(1) The upper bound ( * ) holds.
(2) The Sobolev inequality:
(3) The Nash inequality:
where E is the Dirichlet form associated with the Laplace-Beltrami operator.
(4) The Gagliardo-Nirenberg type inequalities:
Instrumental in the above equivalences is the following extrapolation lemma.
Lemma 4.2. Let (T t ) t>0 be a semigroup which is equicontinuous on L 1 (M, µ) and L ∞ (M, µ). If there exist α > 0 and 1 ≤ p < q ≤ +∞ such that
What is more surprising than Theorem 4.1 is that the boundedness of the Riesz transform can be expressed in the form of a Gagliardo-Nirenberg type inequality, with the gradient in the left-hand side. 4.2. Generalization in the doubling case. Assume (D) and denote V (x, r) by V r (x). We consider the following inequalities:
One sees easily that, in the polynomial volume growth case, (N ) and (KN ) reduce to the Nash inequality (4.3) and (GN q ) reduces to the Gagliardo-Nirenberg inequality (4.4).
Theorem 4.4 ( [BCS] ). Assume that M satisfies (D) . Then (DUE) is equivalent to (N ).
Theorem 4.5 ( [BCS] ). Assume that M satisfies (D) . Take q > 2 such that q−2 2q ν < 1, where ν is as in (D ν ). Then (DUE) is equivalent to (GN q ).
Other relations:
• (GN q ) implies (N ). This is a consequence of Hölder's inequality.
• The scale-invariant Poincaré inequalities (P ) imply (N ). The fact that (DUE) implies (N ) and (GN q ) is easy. The converse requires the use of the following weighted L p − L q estimates as well as a suitable generalization of Lemma 4.2. (DU E) ⇐⇒ (EV 1,2 ) ⇐⇒ (VE 2,∞ ) ⇐⇒ (VEV 1,∞,1/2 ).
